5 o o - I

; ® e o o TECHNOLOGY UTILIZATION OFFICE.
L' - f ' ' ' ' _GEORGE C. MARSHALL SPACE FLIGHT CEN _'ER.

AS IR e | HUNTSVILLE, ALABAMA

ey
oI

N65 14532

(ACCESSION NUMBER) {THRWU

<0 /

{PAGES) ({CODE)

L -5944 8 -0

_! ) . . B . LU . (NASA CR OR TMX OR AD NUMBER) (CATEGORY)

FAGILITY FORM sOR

TITLE

MATHEMATICAL WIND PROFILES

REPORT NO. -+ DATE MODEL NO.

IR 17683 | Feb., 1964

»

SUBMITTED UNDER (CONTRACT, SPEC., ETC.) : _ ‘

NAS 8-5380

E N! ﬂ - Form 375-2 LOCKHEED AIRCRAFT CORPORATION - CALIFORNIA DIVISION ST

l
Dtvlslﬂ?,' ‘ . R L ST T
; i okt L : LT TS e
‘ i o BURBANK, CALIFORNIA, U.S.A. SRR Tz

OTS PRICE(S) $

Hard copy (HC) ..

Microfiche (MF) ___o 3 0 .

¥




A

- Al

.« L, ., . -

TP

L rT7683

Corrections to draft o2 PHathematical ¥ind Profiles®

Pe 7 par. 2, liry 2; Tor "tdvhout haight® road ®witn haight*

Pe 8 line 7: gfor 'rgoi &pprociabls® rgad fpo appreciablo®

lins 12; for "éontiy® rgag "density®

Pe ¥ thmughﬁmt: change a.ll’é (greok sigma) to e=al} Rgn

E3. (L.2), 2ng lire: oiga vefore final tera should b pluc:
| T ma (e my)
Pe 12 2ins 23, for %xeh® png Z~h? rosd *x,h®™ ang *y,h"
Pe 19 lins )y for kB road ‘h,} " (greck muf .
Hre 52 qupply v o A+ n

L]

4.2 in (£-21); for = 'aJ- 4 * read . dy d: . (ead a,storiak)_.
Hre 5: reed: mfina) torm in (4-3) to o written egn
Pe A3 - in (2.9) Supply "h=0) below pecond sunation,
Po &t Mns 1, pocdy Tees orthogezal, in tho statistical conse, the contyses
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: Augmcntad Fourier polyno*nials » in which constent and linca:

~ terms have tcon added to an ordinary Fourdor serics, appear tc

offer a means .for represonting the vertical p'-oi‘ile of tha heri-
zontal wind cpesd. Reascns for selecting this function, and
methods of its computatien and application, sra given, Polyno=

rdal coefﬁciants are prosonted for nean monthly winds over -Copa

Canaveral, FlOaud&‘ and fer four conaecuuvo soundings over

Hontoo::ery s 4labana,
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Mathezatical Wind Profilesl

2
" Arnold Court, Robert R, Rzad, and Gerald E. Abrahrs
0ffico of tha Crief Sciontist

Lockhead-Calsifornia Co.
Burbank, Calif,

1, Introduction

) Mathematical representstion of the vertical profile of wind is

defiirable for many purposcs, and essential for the rigorcuz comparison

of pr~files and the prodiction of profiles by statistical regrossion
techniques, Beczuse wind £9 a two-dimensional vector (neglecting ths

vertical pcmponent, which as at least an order of megnitude zmaller

- than the horizontal components), the vertical profile of the instan-

taheous wind 18 a curve in three-dinsnsional sp&ce. The grephdicel and
:halytical difficultiec in doscribing such a curve have thus far pre-
vented any'sjatcmatic deasription of compleie wind profiles, In thio
report, various possibls methods of representation are explored, and
one of then, ﬁﬁing Ecmplez Fourier serioes, is develoﬁed in detail,

Application of the method, and its evaluation, will be the subjects of

future reports,

1. }l..Proparcd- under Contradt NiS-8-5380 with Acro-astrodynamics

r‘Laboratory,-George C. Marshall Spacs Flight Center, N.A.S.A.

2, Professor of Mathematics, U. S, Navy Postgraduate School, Monterey,

and consultant to the LockhaedfCalifcrnid Coe
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(1.1) REYEE ?2 - x2-¢y2

Rotaticn hes besn chosen ce.mrully forbonaistemcy =d clarity,

-Thas wind spz3d toward ths Fast ig csnoted by x', that toward the Hozih

by ¥ « Thair vactor rosultant is- co.llcd 2 , and tha moduluz or cbso-
lute vulua of this ruultant is s 3
' 2

The direction of thiz. rosultont, in dsgroca cloé.‘ndce frem North, is
(1.2) 0--&!1‘081:1 x/38 ® erc cos y/s .

Thia double dafiniticn elLd.natas the cabiguity of eign inhercat in a
dafinition b.zad on arc teay/x ., Ths :Gteorological convontion for
angles, usad also in sumylng and navigation, differs frea tha ratherae

tical practico, in which. anglss are mdesurod count.emloclmico frca tha

- Xx=axis (East 1n mteorological pr..ctice). For ths mthcaatic&l ¢3valop=

Eent, therefore, ths dircction is dssignated asz

‘(1.3)‘ ﬁ,-gﬂ-GO&cmy/s-mcos x/s ,

end hence rcasured cowntorcloclkize frem Bast,

Alternative to ths cartosian (x,y) , poldr (z,e) s and vector
¢ 5 ) mpmsentations of a wind vector is its mpresentation a5 a coqe
plox variable, ! : ' -

(1) —{'-‘g ;xéiywsei#.

To roduce the nunber of subsceripis, & tocond wind vector wvill bo

. ¢snoted az (u,v), (U)YJ) y ¥, or 1 "“crp(i £). Eei{;ht
_ upward fron the gro*u‘_d vill bo dosignatcd es h » 8tmospheric dmsity as

Aq s true cormlatio..s a8 o end its seaplo cstimate &3 r, true varia.nca

sigaad a3 6 2 and its sample ostinats az o2 » end gravity a3 g .

7. : o
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. ' ﬁp complex conjugaﬁo of a cazplsx mmbez; will be donoted by &n
.egterdisk: - . | _ o “
@’6) g«:—é- x -i.y - se-ié
Therofore tha Bazl and imeginary parts of the ccoplox number é ars

Gi(g) - (6*‘623)/2 - (e“‘?a’iﬁ 2 = lcooﬂ ‘-
i (S) - (S.&L*)/Z - (oif‘-e'ig)/i -iain‘ﬁoiy.
Other notation- u'.’\.ll bo idontified whan ucedo

£y}
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2, Repracentations

Because a wind profile is 2 curve in three-dirensionsl space, its grophical
repxﬂasentati.on on two~dimensional paper requires elininatioﬁ of ono dimension.
Various gra'phica; mothods have been usad for many Years, each with some advan=~
tages and many disadvantages, The four basic mothods, 1llustrated in'Fis. 1
vith mean January winds for Capa Canaveral, Florida, are: '

a. Each componerit sSoparately, ve, haights
25> be Spoed and qire'ction, soparately, vs. height;
R ce Y2locity hodograzph,

de Position hodograph,

The first two msthods require mental addition of values frea the two lines

to give 2 pictﬁre of the actual wind vector, and its changos. This difficulty

is eliminated in the hodographs, in which the vertical dimension (or tiza) is
indicated only by successive points alongz the path, |

A hoglograph is a curve connscting the end-pointa of aucccoﬁive voctors,
draun from a c@wn origine The vecters may bs successive in height, to repre-:
sent the wind profile, or in tire, to show the time variation Aof wind.. Tha
fomer application is used here, but the mathematical formulation is equally
applicable to the ti-e serios cese, Tho vactors may represcnt the actual
wind velocity at each lewvsl, or thﬁy nay represent the integral of. tho valocity,
which gives t.he; position of an object, such as a balloon, rising with constant
spced through the. wind field, ‘be usual plotting-boardrapreséntation of a
Filot balloon trajectory is a position hodogreph of the vertical uind profilo R
while the eimilary trajectory of a constent~level balloon is a === positicn .

) : - - propared

hodograph of ths tine variation of wind. A potdticn hodogragh can be r2tod
from wind velocity infornuticn by plotting the succsceive vectors a.dﬁitivél;}

rather than from & corcion orig:‘.n.k

— s .. - EE PO PR S, [ fm s . D mimee -
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Hodogfaphs appear more suitable for mathematical ieprcccntaticn of
the veftical'wind;>rofile than separate representaticns by ccmpénants, or
by speed and direction. But cl'olce botween the twe hodograrhs, veloéity_
and position, is more difficult, TFertunately, tbe compghtational proce~
dures of fitting a function to observations are the szme for either tyoe
o: hodograph, since tie purpose is rerely to obtain an ﬁnaiytié functicn
deacribing the curves

When positions actually are measured (a8 in most meterrolegical obssr-
vations using Yelloons, rising or falling), the posiiion Fodograph should

be fitted. Cne differentiation of the fitted function "ren will give *+he

" velocity hedograph function, 2nd a secend diffarentiation the wind shear,
which is of consicderabla importance, Actually, most ruutixe wind .nforma-

tion §5Aobtained from finit2 <ifferences of balicen poaltions, ar.d shears

frem finite differences of trese ccmputed velocities, i,e. by smooﬁhod
second differences of the basic cbeervaiions.

When.wind vblocities avre obtained directly, as by sourd ranging, the
velecity hodograph ;ﬁoulé be fitted, Ore differentiation then will yield

stears, while intégration gives the positions to Hhich they aprly. Such,

poaitional information is~needed‘fcr studies of the tiajéctcries’of falling

- or suspended objects, such as radioactive fallout or toxic pollutarts.

Any mathematical function used to approxirmate a todograph must be. con-
tinucus and have ccntinuous first and second dcrivatives. Since_tho'hodo—-
graph.is a vector~valued function z(h) of a scalar arpument, h , in prace
tice reprgsedtaiiqn ty ccrponentes is more_conveniént. Compectness of repre-

sentatior and relative ease of manipulation mekh the complex form,

x(h) + 1y , "2(n) exp {140 1,

suited for an attémpt at developing an expression for z(h).
. ) - 6:. - N . -

L.
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(3.2) R (,»/f::7q /k)ln(h/hc).

‘and h

3. Furnciions ’
Selectior. of a mathematical function to apprcximate the.vertical wind
profile, as pespresented by its positicn or velocity hodograph, mst be

rased largely on convenience and genéral suitatility, including pOséécaion

~ of contiruous derivatives, lMeteorological and hydrodynazic theory are as

yet inadequate to provide a2 definitive functicnal form, except for certain
Yeight ranges, | -

in tlre lowefmest iO maters - of the atmosprere, alr-flow increases
without height without material change in direction (Ee ess, 19 59)e When
the temperature lapse rate 1s revtral, the logarithmic wind profiie appears

to fit availaple observations:

whexe tlis the eddy stress, q the density, k von Karman's constiant,
o & "rcughness paramater." When the lapse rate is nct neutrsl, an

exponential profile seems more appropriates

(3.2) 2= 7 (h /1) "o,

where zy is the giind zpood 2t height by (uvsually a few centimeters)

and m 1s a positive exporent less than unity. A generalization, for

S SN

variable lapse rates, is offered by the Dnacon profile:

3.3 | Dm/ku ISIREEYER 1’[3 }

For'Several hundred meters abeve this boundary layer, wind increases
in speed with hLeight, and turns clockwise, in the nértherq remisphere,

generaily according tc the Ekman spiral. At about the 10 meter level, the

7



| wigd 3o dirocted toward the left of the geostrophic wind, widch tlows

i

“-._

along the iscbars at 1 ¥n or higher. Thaz wind vector at height h ia

this spiral or friction layer is .
(3.4) z(h) = 2 [e‘w - R e -d)‘] .

Here _zgy is the magnitude of the geo.at'rophic vdﬁd, blowdng at an aggle
£ (iﬁ mathematical notation) to the positive x-sxis, snd a is a func~
tien of density, coriolis force, and eddy viscosity. kctual wiﬁds do
follow this Ikman spiral when the upper wind flow is etraight or only
slightly curved, and the lowermcst Klaxeter of air hes not appreciable'
horizontsal gradients of t emperaturs, |
Avove the spiral layar, wind speed generally increases with height
up to the levelof maximum wind, which usuzlly occurs slightly below the

tropopause at 10 to 12 km, Of+en the increasa in speed with height is at -

' about the saine rate as the decrease of dently with height, so that botween

) —\llt
S and 10 km """’;;;:23 1aw" states that the momentum is constant. 4 jns- .

tification of thie empirical nile, dacuced from cloud and pilot balloon
observations 70 ysars ago by Clzyton in Massachusettz and Egne?:& in
France, was off ered by Humphreys (1929, pp. 135-136), -

" Above thre maximm wind layer, wind speed decreases with telght to a

minimm, on the average, at 22 to 25 km, but no law or rule describing

 this decrease, or the accm_rp&;lying changs in direction, has yet appeared.

Thus, while scme theoretical forsulations are availablo for wind bohavior i

in the boundar) a.nd spiral leyers, few guid.elines can be found for the

" form of a function to describs the wind profi]e ebove l k'm.

v
- —————— b - —————————_ s e 4




s ot T et BT et e T T ettt T RS “.,-_“,,_.WWMM*:wA
T T = .

IR TCL L St
Fae L T e e e SR e et e a8 e T ‘\-‘f...‘.." M“"-“-“‘“—J
Ty *

. In ths absence of ary thoory on widch to baso a functdonal forn for
, ‘wind profile descriptionm, sass empirical function must bs choszen, Logicad
candidatas for this pirposs are polynomials, Theund vector 3 = (x,y)
could be represonted &z & functionof baight, h , by two ssparate poly- | !
nordals, ‘one for each corpponents
: n n |
1) x, - g_ak Sl Tan -.E b B
where m and n are the nuabers of tomms roquirsd for setisfactory it
or aé;'&ament of the polynordal with the obaeri;itions. Agrocmant would
be determined by the vardsnce (msan squared difference) of the observations

L B sbout tha polynomisls, Tho absolute or uncondit.ional variances aro » res-

‘ s';pa_ pectively, 6:_ an.d °y » &nd tha ccnditf.onal vaxd.e.ncea' 6x - and Gy,n s

62 = ) (-0 T2 - @7,

(Le2)

bt A T nmn )’ 20w )T 2w

and sirdlarly for 6 2 and 6 2 . (A1 surmations are for h = 0,1,2,°°°,

a1, end e A+ .) Tha extent to which the varisnce of x is roduced
by use of an p-tora polynomial iz o

TRV AR A 4)'12::,,,,,(_:,,,,‘ -2x) - (3)

Of greator interest than this sbsolute roduction in variance is ths rola=

" tive reduction, or squared correlation (sometimas called ths coofficient
of deteraination)s

o . | .
(k.b) 2 . 5 b L Zhm (%5 -2x,) -N5(%)

T, T | 6,2 = 2"’6&)2 - .

A
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effective in reducing the variance. A higher pouar, such 25 2 h

. samilar cxpressions yisld the absoluts and relative reducticns in the

. vorizace of ¥ .

43 nors and'more polyxxoﬁa.l torme are used, 1.00 a3- @ and n

increase, the veriancs reduction incresses and the corrclations approach

" cno, attalning tis valve for m =X =n . But when 2 e .9, the fit

éf the polynoaial to the observationa is considersd adgquate for root
purposes, although in gome cascs valuss 2s high as .95 ere desireds |
Hc‘s:aver, the various terms of the polyno.dals may not be equally
L
’
zay be more effectivs then a lover one, Hence the terms should be
chogsen not in simple order, but e,ccording to the anount of variance ro-
duction that thay providocﬁh more effcient polyno'xial in ths sense
of }.Iawr.i.ng-fm:er terns, would be formed from those temms , regardlage of

their exponents, providing the groatest rocuction in variance, or highest

~correlation, The various tems', & hk » should be arranged according to

their centribution to the variance reduction, Cosfficients oxjdercd in

5% | and the firet = of them will

3

this way xaay be denoted as a( X )

be considsred to fom the inda sot M ,lIn this notation, the polynomial

(4.5) *‘h e T w0 I ﬂkhk-
&, - - 2 ’
| o (%':1 £x) Ke M |
and sizilerly for ¥y e '
Such polynomials would provido sultably efficient procecurcs for

representing oach of the compon:,nts sap&rately. But thoy offer no L‘m.-:

between the componentz; they no not apply to the wind vector itsslf, wux

rosults obtgined by two fuch polynordals are combined to provide oatd.ma’oes'

o

4

A )

providing the required (e.g. 90%) coimettmrm relative roduction in variancs |
18




of tho wird vector at sach l"vcl, exceasive 1ntor-1eval she°x3 could ba

indicated. Honce thay do not eoem particularly cuitcd for the ra.thtrxa-

ticzl reprecentation of uind veohorse )

-

Ths sane objections apply to the fitting of a complex veriable by a )

single powsr series with camplex coefficientss

, U x .. ‘ "k
(L.h) éh,x lc4‘“’:‘:1:11 'x‘:”n(&‘ + 1b ) X
k
- Z h + 1 Z h °
‘K& H “ ke ku

Thoss objections to expressing the wind components as polyncrzhal
functions of height epply regardless of ths mathod of eostinating tho
polynciial coofficients, Orthogon&l polynb:nials » \f’nile‘poszossing tin

groat advantage that they nhed not be rocemputad after selecticn of
tho highest-crdsr tarm centritiding sigﬂificm‘*ly
z:“m-w*q“:::;r;..wu to tm varience "educ‘bion, &re ndibattor

in thesa raapects than sixple po::ar scories,



, that. represont ths individual wind comporents,

5. Fouricy
L T Y

Cezplox trigoncmatric polynczizls (Fourier eories) sve not sudbjost .
to tho s&xma drowdacks mma s wndveriato polyncdalg, jz.at discuscod, Tho a
estimation of tho coefficicnts of each componeat (.00, the real mmd izna
nery parts) iz baszed on both ccuponentz of ths observed wind, and heaca
such a ccplax Awriea actuelly estimates tha voctoer, 6r ontire coz:pla::

mumber, rather than scparate coxzonents,

Fourﬁer gorles oftea .:a;z-e uced to represont fi;nctitms Imoun to be
periodic, btut ero nct restricted to zmch use. Yighthill (1960) deciarcs
(pe L) that a8 cc:::wn epplication is "to represent a mnct.ion which is
not poriodic, but instoad is definzd :Ln the first placs onlyhr a rose
trictod intarval. k‘i-nd informaticn vsually is available only for s
restricted interval, covering perkeps 30 k= in tho vertical, Descripe
tion of ths tims and gpace variationé in fuch 2 30-'= profile may be
possidle through tho fitting of Fourier sariss or polynomiale,.

Such polynexmials, hoirver, have no linear terms, Since ths wind
often increasss rather regularly_ with haight, at least over certain height
rzngéa » 8 linear term obviously is dosizable in any cxpressicn for the.
vertical wind proﬁlaf. Taiz cen be provicsd by dsfining e plans about
vhich the #ctual wind observatiom vary, and then describing such varia-
tionz by Faurier polynosaialn. {a T"w requirod Plana i3 dafined by ¢

two straight lines, in the verticel x-h and y-h gx planss, mcr*ctivel,y,

17 The origina} obzervations of the wind at level h7 LS

(5.1) | 'ﬁh H _1}4 iy, & sh'e:p(‘ip") >




L Imb-rs g . dImh -F 5 3a

(5.’3)3 £ et cmcecccevccccnna 5--—-.--— s b - - - o

;o PE(h-fp

The cTastant terms are

(505) o:ai-amg’. Qyny-bmi;.

- Thus ths variations of the wind voctor about the lacst squai-cs plans are
(5.6) Qh-ﬁ -6 - 4Ry -,

t:l@ra dcO -
Fourier polynoxdals Ozeriting T

85 + 1 Yoy is odteired from (5.h)..

Ths complax coaé‘ﬁcienté - d,j = g 5 + 1 b f ore eatimated (a.- explained in
- obteinod from the D ob..arv«..tionz o2 ( h* S*u:::.ation is ovs Sy th:: g3t M o.f

the = terus contributing rost to the refuetion in varienca, zs dizeussad |

in the previous Saction for wivariate Polyiacdelsn,
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Applicaticn of this GXpeassion for ths wind profile 4o ectuzl wind etsoge
vations is dicsucsed ip tho following Sectiona, |




6o Prepsriica
Expansion of (5,7) shows that ths estimation of each component
____ of the wind vector r(i,}I end hence of éh’g involvon coefficicats from
both thas roal aad imsginary parts of the Polyncaials
Mo ® 2 (ay+4by) (0oa Mgn « 1 eandgn)
JeH :
(61) E(a coa A3 h -_bainXJh)
‘tiz(b 53 AJh + 2, nia}\.ih)..
Je ¥
The lcast equards ostirators of tha complex coafficionts d‘1 are,
&3 zhoun in Appendix A,

. . 4 21 \
dg S 2, +ib, 3 T%nhexp(oi jn)

N
=
o

:’s:M

(ep+1y )(ealyn --1a1n')‘,1h)“

N
=t

( v, oo th'i".yhsin>‘jh)

b
I4

62) B ‘.%)‘
o '
A

e

. img(%c&a N\Nh - usim);h).

That thoss estirators actually rininizs the o of tha cguared (‘.:?am:vc
. | - ot tha obscmtiona .fro:z tha lsa..t-cq;uarea ragressicn plzm: is 823 in

e, - L e L E R o o di ¢ e ammgme - ¢ tiee
L4 g

| Apmdﬂx Ao These: ..%_Q_. : cqna:cd dvpartuma ere the ouma of the
equared copartures of ths o eomponentej dvidad by 4 , the total nuzbor
of obsorvations, tl;:y yiold ¢ha conditioml variancs r.bcut tha polynecdals

2 2
(6.3) 75' qvn o 3 st B gsz,hm 8 2; (rlh '7?135) ('lh 71:31-1) |
‘ﬁ? A z:’?:jor purpose of this ctudy 1s to deterains tho nmegnituds of tho absoluw

reduction :.ln varienco, 512 ‘ _6'1“ and to mlétiw m.action, ‘25“ ‘( H, “D

- ‘ "-‘15_
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vWhen a wing Profile, frcx which ,L’ observatiqna are obtainad at equal ‘baizht
intervals, i tPproxinated by (5,8) for m<y, 11 4y repressentation 4s

t g '
adequa: e, by y | .
. PQually-spaced valyes at which Jh Y28 observod, This would provids ¢

- eontimious Tepresentation of , wind profils originally describeg for dige
orets points only.?In _a;!ditibn, the funédion (5.8) canbe differentiataqg

Not only ds thy cosfficionts ZdJ )}, escimated by (6.2), Bﬁixﬁn.iﬂa
2 : . . .
S,! M » tut, as discgaced in Appendiz p, they seenm to bo Approxinately
! v

orthogonal ’ a.lthbugh the préciae e xtont of any slight dspoadonse baticen
theg is 8t11] 34 ba catermined, '

~

..Ort,hogonality insures that for any sot i}I:( of coofficionta, ,
e @ 5 ‘
qn s ,3 ¢ that i3, that the contribution of each tern to the

total,. This Gysirahle Proparty hes boen tapuad in the Frelininary
. eppMcations of Fourior Polynonials to the Ceseription br vind profilsg,

L 8 i L

_ Orthogmalif_.y Prororties are incracaeg whea the original otsore _
! vationg gh s L2 exprosaed e daparturgs ((’ p Irom tha ieaat-aqz;area Plers,
(3ve /D) tho roxe variancs, Thus, rathor thag (v o ofinod vy (4 5,6),
- 2
co?ngtattiion:a ctf 'c!’1 'by.- (6._.2)“ shguld u.g 'Zh/o'}':h’ xhare _6’7’): is the

- varignag 'lzh o Sincs. n 18, by (5.6), = linear fuaction of *{’h » thair

{ . o
vardences arp tiho 3&i34  Such variances 8hould be uza, when cvé.ilabla,_ to
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Hban the orig:i.:lal observations 521 =X, + 4 vy 4&re mzans, as for a
month or season, variznces ere gvailable for such adjustzent, But ¥hon
they are single observation, the proper choice of values is not obvious,

In the following Ssctions,. examples are given of pProfiles computed frem mean

' vnluea n.dJuutad for varianco, and of profiles fitied to individual sstas of

obaarvationa withcut variansze adjustment, The promty of this gscond pro--
codu-a, although 1t socems to p“ovida an adequate fit, requires furtt_xdr ine
vestigation. ' .
Another topic for fubt.har sSudy is tho method of corputing tha ‘_
planc c¢bout which the d..partums rlh &re teken, The Fourdor polynomials
may providn an svon better approzimation to ths obsarvat.ions if this |
trend plana is conatructed through the mean point 60 that the first end

. last. obsemtiona (lmst and highest wind ot»arvationa) are eqnidiate.nt

frca it..

¢l

e e g o ot e
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7. Applications

Lugnented Fourdzr polynornials, as doveloped in the praceding'two'
Sections, wore fitted to two sots of wind data to determine whather the

method showad sufficient pramise to arrant further study and davelopmente -

. Results of such applicapion, presented in this Soction, are quite encoura-

ging.
One set of wind data was composed of monthly mean winds, at l-im

levels, over Cape Canaveral, Florfida (now Caps Kennedy). They are based

on § years of observations (the first 321 days wore at nea&‘by Patrick Air

Force ﬁ_aae) s 1956-1961,  Missing obsorvations had been interpolated before.
avefaging s 80 that sample sizes wore the zame at all levels, These data
were furmished by Mr. Orvel E. Smith of the Aero-astrodynamics Laboratory,
Ceorge C. Marshall Space Flight Conter, in advance of publiéation.

| The other set was mads up of four consecutive observations, at 6~hour
intorva.ia, over Moatgemsry, Alabema, on 9 January 1956. These ware tho
first four consecutive soundings, each reaching to at least 25.kn, in an
extensive compilatioa of winter and suumer soundings furnighed by the
National Weather Rocords Center, U. S. Weather Bureau, at Mr. Smith's
request., There soundinga also contained data on-atmospheric dznsitj, 80
that momentum density as well as uind epeed could be fitted by augnented
Fourier polynorials. (Units of romontum dansgity, the product of wind
.speed and atmospheric dez_'xsi{.y, are dynes per :¢ubie contizater.)

These two .aeta of data providad a -tot.a.l of 20 "goundings,” eacly
sounding being a set of valves of {h for succossive values of h 9
Of these, 12 were wonthly means for Caps Canaveral, four ware succossive

wind observations ot Montgomery, and four were the corresponding snomontua

&
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daésity obaofvations. For cach cuch Ygounding ," the lewarmost 2 km mra,
ignored tscause of possiblc Ifriction la;mr effccts, os Alscucsod ia

Sz:ction 3, &ad only tho lavols froa 2 to 25 ka, inclugivo, wore ucods

In the notation alrsady davolopad, hy = 2 kn, by =3km, ***, hyo = 25t |
kn, Although ths thooretical davelops=cat ucos an odd membor, -2+ 1 ’

”61'. values (levels) » in actual practico an evon mumber 4s nore comi::aioat_:
_ of groatest conviatence 12 a nmumbor whichis eon intogral divizor of 250,
: eimplifying trigozcostric coputations, |

Résulta of ths fitting of the augmonted Fourder polmcziala to thecs
20 aonndingﬁ 2re givon #in Tables 1 and 2, After tho constond and linear
tarms, the ccefficients ero presented in dacroasing ordsr of ths cmowmat
of varience "oxplainod® by thcn, That is, ths cosfficients d have
bean ordsrod za d(J) s &8 discusced in Section ko For exasplo, in ths
firet line of Table 1 (for January mean winds ovor Ceps Cancversl), -
8(1) and ?’(1) exs, rospoctively, 853 and b23 s BO that 3§ = 23
is uced in tho trigonoz:atﬁdc toras that ths multiply,

Coafficienta tre givanin Tablos 1 and 2 for each wind ccoponcat

,aommtely, &8s indicatedin the forz:ulas at ths hsad of Table 2, vhich
. are bassed ca (5, 8) and (6,1)s Ths two ton:uls.s nay be co:zbinsd into

ons expression » in ccaplex notation, Thus tha-mean Jenuary wind over
Capa Canavoral nay be writien as |

ghan s (2.6 « 6.126 1) - (0,084 ~ 0,003 1) n
]
' ~{0.575 - 0,@L 1) cos 237h/12 =(0,01h + 0.575 1) sin 237 h/12

(7.1) -(0.530 + 0,100 1) cosr h/12 + (0,100 = 0,530 1) oin7r 2

+(0.044 + 0,173 1) oos 22’11!1/12 = (0,173 = 0,044 1) ain 227Th/12-
(0,043 - 0,140 1) coe 271/12 + (0,140 + 0,043 1) oin 277nA2

G
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The sx;perscript "é" indicates that the values cf «{’h;{ . obtainsd |
from (7.1), and from Table 1 generally, are for ”stahdardized" values.
Thoy must be rmultiplisd by the standard vdeviations of the wind componsnis
are tha appropriéte level to give balues apprcximating the observed mesns,

For example, evaluation of (7.1) for h=z190, i.e. 12 :m', gives 2.4
¢ 0,226 1 . Vhen eachof these values is multipliod by the standard devie-
tion:of the corresppnding wind ccmponent at 12 km over Caps Canaveral in |
Jamiary, 16,9 and‘lL'.'Zh m/sac',. respectively, estimated wind speeds are

obtained which may be compared with the observed meanat

Estinated . x, = 38.86  yyq = 3.2

Ohserved - S 19 1 . 3.26

-

In Flg 2, fim.hodOgraphs are shown for the mean January winds cver

Cape Canaveral, In the upper panél ’ one hodogi‘aph depicts the actual

‘means, in meters per second, while a second one shows the el{fect of divi- .

ding the gpeed at each level by its standard doviation, knd exprossing

the result as a departure from the least-squares planes The "trend"

‘hodograph is centered at the origin, and is in units much snmaller than -

those of the original values,

The lowsr panol of Fig. 2 shows thres hodographs, computed by Fourier

- polynomials, not augmehted, i.e, &3 variotions about the least-cjuarcs

' plané. The "one~tem®™ hogograph 13 a etizle, representing only the 3=23

term, without the proceding constent and linear terms or the final three
teras, The "two-tern™ hocograph reprasenté computation of the j=23 and
3=1 terms in (7.1) » without the const;ant and linear terms or tt;e final

two terma., Thes "four term" hodograph pz_«eaénta results of usihg all terns

of (7.1) exce’pt; the constant and linear,

>
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Shown as dots in ths lower panel of Fig. 2 ars the same pointe,
for ea'cﬁ dedm level, nin' tha "trend remq-'.'od" hodograph of acﬁua.l
windsin the upper pancl, The thin lines froa these dots to the "four
term" curve indicate the extent of the vector difference betwcen the
oSserved mean winds, at each level, and ‘he values cbmputed frem (701).
The sum of the squares of the lengihs of these thin lines is the S f}i
of (6.3), for H=) , |

For th.e individual soundings over Montgomery, no estimates of
wind variance at each level wesre re.adily available. The observed
values were assumed to have the sams varlance, and no ad.ju_stmnts were
nrade, Thus the coefficients in Table 2, when introduced into the
approprié.te formula, give estimated winds directly in} meters por

zecord,

2V S e




8. Discuzsion

- Under each pair of cocfficients in Tablss 1 and 2 are two addi-

~ tionzl entries: the value of the indox j for that pair, and the value

of re » the relative roduction in variance (L.L) attained by using

that terx, and all pracod.ing nos, in the augmonted Fourier Polynomial,
~ For the Cape Canaveral mean monthly wind profiles, ths constant

and linear terms alone reduce tha variance by 80 $ in surmsr, but hardly’

at all in Noveaber and Doceaber. Two additional toma provids 12 of

85 £ or more in all ronths, indicating that augnented Fourier polyno=ials

of 28 few as fcur terms (m = 2 ) may provids descriptions adequate for

803 purposes, In nix;é of the months, term 23 providés. the grcatest

- reduction in variance, followed by term 1,, vhile the sare terms appoar

in reverse order in ths othsr throoe months,

For all four Montgomery 6~hourly soundings, tora 1 coniributos rogt -

to the reduction in variance for both wind spcod and momontum donsiviy.
Bat vhereas tera 23 is second most irportent for wind spcad, tefms 2
(once) and 22 (thrice) have this role for nomentum densitye Valuos of

r?2 for momentwa density are consistontly higher than for wind speed

‘alors, Most of this difforonce arises in the constant and lincar terms,

for which 12 12 betwosn 75 end 85 $ for momontua ‘donsity, but o.nly'

fron 39 to Ll £ for wind spcad, - This may ba a reflection of ”Egnell"z

 law," optlinad in Section 3, and requires further study.

The extent to which thesce results depand oxi the par«‘.icul#r haight
interval choesn elso requires additional investigation, The strongest
wind spseds in all the aoundinga are near ths middls of ths 2-t0-26 km.
interval studied, which may explain the comista&appcaranm of term 1

as contributing significantly to the relative reduction in variance,

N



Sinilerly, the importance of teram 23 may indicate excossive lovsl-tpe
lovel veriazbility, porhaps actual but a2lso posaibly aricing from obsar-

vational errors and corputational precccdurss in ths ccmpllation of wing

information.

These and other considerations indicats that ths most ffuitful
application of augmented Fouriocr poljnomials to wind profile descrip-
tion may be their uss to deceribs ths position hodograph, as obtaincd

directly from a balloon or other indicator, and the subsequont diffore

entlation of the polyﬁonial to provids wind gpoods, Tﬁia,may provica

congidarable improvemant over the presont rathod e=ploying successive

finite differences, and may give grcater detail of the wind profile

and of its derivative, the wind shear,
Other topics for further study ars statfistical teata for tho zimi«

1arity or differences of two wind profilea, leading to criteria for their

‘ocabination. For example, are Jamuary end Fobruary wind profiles over
'Cape Conaveral sufficiontly sirdilar that a combined wintsr pro:ilo-daé-

cribes thonm adsquately?. Also raquiring study are procedures for proe
dicting ona_ﬁrofilg from anotﬁsr, a8 in the case of the 6-hourly cound~
ings over Montgozsry. | -

Despite'the nead for these various oxtonsions of tho study, and -

‘furthor elaboration of tha techniquo, ths vork roportsd Boro shous that

 mathszatical déscription of an entire wind profile, cither nnaﬁa or

'instantanecua," can Yo attain with accoptable procision by ths use of

augzented Fourier pclynomials.
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Appendlx A : Estirmstion of Coxfficieats

Corrl:xx cosfiicients d "oyt i bd' s for § =0, 1, *°°, 24, aro

Yo be estimated from a set of A e A1+ 1 complex -umbars 71\ 80 as

to rinirize the suz of tha squared diffarcncea

22X
(2-1) S

r;f! g 7,};,1: - Z— (1p = "hx) ('(h '(hgn)

for each index est M cont aining l<n< 1 olewents, when the estimators

"Lh;}{ are obtainsd frcx

a2) Ty u'gi 4 ep(1X3n), re27y),

Tho 4 numbersgr(h zre egmumad to represant ‘values or obsefvations
at ¥ equal intorvals h = 0, 1, *°**y &1, Those may be intervals oi‘ tine |
or space; in the 5pecific applicationa to be rads here thcy are eqwl
intervals 9! height, and ths nmberci th rapresant¥nd vectors at suce
cezsive levols in the é.tr::osphera. Troso vectors aro cxpméch as dpar=

tures frca a plans of best fit, in tho scnse of minimizing veriance, to

‘the basic datej thot s, any linear trond with hoight has bsen removed,

For each valve of h

sf(?h.ﬂ = (71: gy ) (’Zh ’th -
T S (r(h et g g g oBMIEy
s + ’g:dj eikjh}z - 2 ﬁ(((h}_ d i}"h)’ .

# The aszterisk, * , donotes the complax conjugats. .

%t



NG ' bscauss’ f[hflh

"Z ®h s in the notetion of Section 1,
Stnce exp [1An (5 - )J T 1 wien JeX, thy second term

‘beconas '

| o 1111(.1 l:)
Eg:zzi dﬁ‘ o
2 g-i ZE dj %: 1)h(3-k)

alpha | Exprreaaionort‘(h *p(-ikjh)aso(
. beta

, ;_;d 1A3h}

(2-4)

*1@1'0 persdits tha
final tere ‘o to written cos '

«--i>\3h
'(hé;;la"
() o |
- T e (e B

JEM
+b,? and Zezp[i)\h(:j-k,]-o,
ths e of cquarss (A1) to ba mini:uzed' bscexes

2 ZR 2

g2 o 2X . 22X 2 2 2
(G =i PO S "‘)E“‘J "
S | 2 ¥ |
"t g e ey By

The uoual minimisation procedurss give, for each valus of J. »

* X3
d.1 qh e

Eﬂ.

S S Since 1d ‘2 - 532

(1-6)

round _ B 30..{ . D

2N
tta LTSy T ey s
| 2

— :éa)bjl-zgfgm .

(A-T7)
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Setiing thess csrivativea 6qual to zexo gives

2 ¥ 2N

' 1 _ 1 : .
(a-8). D‘E*ra , 5% ¥ I Py
Coxlw.eqﬁantly,
' 2y 2N

(1-9) 4. :ﬂ% }_':(o(hj+1{3m) z 61. }:(Zhexp( 1)511).

For Camputation, thz_; real and La,,i‘mry Fartis are eveluated ssparatelys
aJ s 3‘- g Enh cos(/\Jh) + vhsin‘(;\jh)],

bj 4 1% : ['l’h COS(}\J}I) - \5_‘313(1\5}1)]0

. -1 2N . '
SRR =R IER VY
(2-11) , :
| 1 2X -
b‘1 '-'J)___wh ain(%h-/\Jh).

Use in (A-Z) of tmy sct of m of these values for dy = a3 + i-bJ

will insurs that the resulting estimator, Qh;‘l s vhon introducod into

(A-l), wil} minimize the cum of gquares -Q;M « ¥ren n = 1) » 1.8, whan
the o (Polynomial) has es Many lersa as the origingl observations,
Sp':_\; 2 0. . For emallal oets, 1.6, for m\D the sun of gquares S'Z’M
will depend on the exact conposition of tre zet ZM e Thus SrpH can be
computod for cach of tho 'v wts H in viich n = 1 5 ic0., for ore term
odly, and for ths , (4‘-} 1)/2 s0ts of tuo terms each, and zo cn, to find

the combinution giving an acceptably crall S fﬁ‘i from the cm.llcat cot }(.

2
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Howzver, vhen the cciliicionta ‘}-'dd j ars orthegonal, the contrie

buticn of each 18 independsnt of that of the othzars, and

2 g2
A=12 3 s F
2
Toon, Sn 33 can Yo carputed for each orthegomnl dj end rarked in
L
dascanding ordsr to dstormine ths minimum got M for vhich 8 H is

03 ,
accoptably small, Yha oxtent to which the cosfficients ld } s ootizated

by (4-9), (A—lo) s or (A=11), extisfy thess requirozonts 1o exeainzd in

dppondix B,



Appendix Bs Orthozonalisw

This appondix, inveztigating ths validity of the
asowmption that the [d 33 are orthogonal, is not
Quite complete, It will bo furnished in about 2
weeks, and will consd.ﬁt of zbout L poges of wexnt,
without figurcs or tables == quits simdlar to &p-
p:mdix-i. | ’ .

.-‘T A : . . ’3' .
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ApIcnics® 31

Oribegonality of the neefficlents - 2, - in the Fourier ro
is very desiredle for revoral reasone, When they sre Lrtkorsnal, .04
szgtisgicalﬁv uncerrelated, so wiil be the puabers .  § estinzted by
than, Then the comtrivueicn of each dj exp ( L. hY 4o the éstl—

rate b

o™

Ak - irdependent of that of any cther temm , ard the impertance
syl .

of each ray be acsessed cevarately, Thir rermits the reagy selscticn of

»

a smail set, ¥ , of m ccerficiunte £o1 estimating Ty , ané an

T2
exact determinaticn of tle crtep‘ cf tre correspcenderce tetweot esch
- y S¢ ccmputed, and t“_ quantity - it e Intended tc approxinite.
I,1 : h . i
In adﬁjtion to cretrorenality, norra iz: {(Tavssian distritition) is
. ’ i \
alce desiradle. If the chseiva Z.b} i are :jﬂATtJJ Cavgslan, se will

te their departures {"ag frem a plane of test £it,  In fact, the depare

..

tures "‘31 be aprreximately Grssien even i tre oripinzl cheervaticns
are ncte The cstiatlors, 4, , will also Yre Saussian, or neariy sc,
because they are weigphted sums of quasi-Caussian variables,

Orthogonality of the d, ic alrost impessible to es tablish unless

J

v s : .
thel }% are second-crder ztaticrary with a real covazrilance function,
1 ’

The need for secend-—crder staticnarity, trat is, that the ccvariance of

i ) . ' . 8, 14 )
Ut fom ) depend cnly ‘en the differcnce i [ | [ » azpears in the
- : f . .

eveiuation of the expressicn Jer the varlances ¢f the indivicval A, .
L ' {3 . . £ ) )
Yren tle exvecteticns of the and herce of Lhe 14 i, arve zera, tre
: . l ) {‘ ’

) 3 ‘

variance c¢f each d, 1is given by

b IR S oAy o )

5y B( 4 5 - e s == Cion s i
NS Ty L 1 ad. ) - ; : -xp‘ j\ -} IUIEN H 7/ ) ©

% ) T T g o LERSSNY

———

¥ The asterisk, # , denotes the complex conjfupate,

- ' | Q&

N
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